Introduction
Throughout, we fix a perfect field k of characteristic p > 0. W = W (k) is the ring of Witt vectors of k and K is its fraction field. W n = W n (k) then denotes the rings of length n Witt vectors.
By a Fano variety or an anti-canonical variety over k, we mean a smooth projective variety X over k such that the anti-canonical sheaf (Ω to be close enough to Ω d X to admit a 'Serre vanishing theorem.' These two facts constitute the entire proof.
Although the DRW differentials are very natural objects associated to varieties in characteristic p, such vanishing theorems are not as likely to be of interest to geometers as those for the 'usual' sheaves. The motivation for this case however, is the following Corollary 1 Let X be a Fano variety over a finite field of characteristic p. Then X has a rational point. In fact, the number of rational points is congruent to 1 mod p.
The corollary is an easy consequence of the Lefschetz trace formula for crystalline cohomology and slope arguments. It is a special case of a conjecture made by Serge Lang [4] and Yuri Manin ([5] (2.6)) that says the statement should be true over any quasi-algebraically closed field.
In regard to this conjecture, we recall that Chevalley proved that a homogeneous form of degree d in n > d variables over a finite field has a non-trivial zero. (This is the statement that finite fields are quasi-algebraically closed.) This was generalized to the statement that if we have a system of equations
where F i has degee d i and the number of variables is n > Σd i , then it has a non-trivial solution over a finite field. When the zero set defines a complete intersection, one notes that the condition n > Σd i is exactly equivalent to being Fano. This motivates the general conjecture.
Proofs
We use the theory of the De Rham-Witt (DRW) complex of Bloch and Illusie [1] , [3] . Let Y be a smooth variety over k. For each n ≥ 1, there is a level n De Rham-Witt complex W n Ω = W n Ω Y (we will usually omit the subscript for the variety) which is a sheaf of commutative differential N-graded W n -algebras on the Zariski site of Y equipped with surjective projections π n : W n Ω→W n−1 Ω. The de Rham complex Ω Y /k occurs at the bottom level (that is, W 1 Ω Y ) and in degree zero, we have
Serre's sheaf of Witt vectors. In fact, the W n O-module structure on each of the W n Ω i Y makes it into a coherent sheaf on the scheme W n (Y ), which is Y equipped with the sheaf W n O. This is [3] prop. I.1.13.1 which gives the quasi-coherence, and various devissage arguments (such as discussed below) which provide the finite generation. There are also operators 
and
We denote by W Ω Y the inverse limit lim ← − n W n Ω Y . In relating this complex to the usual differentials, it is important to identify the kernel of the projection maps. For this we have the exact sequence
where the first push forward F * refers to the fact that the W O-structure is through F (that is, it is a direct image for the endomorphism F of the proscheme W (Y )). The same sequence at finite level is
and this implies that W n Ω i is a finitely generated W n O as mentioned above. One easily derives from these exact sequences the following fundamental exact sequence:
This is initially an exact sequence of W O-modules. However, for each term, the action actually factors through W O/V = O Y as one can check, for example, for the middle sheaf by the formula V (a)b = V (aF (b)). The exact sequence above is also the inverse limit of ones at finite level
These sheaves at finite level are all coherent W n O-modules and hence are actually coherent O Y -modules.
Here is the key fact about DRW differentials that underlies our argument
which is the inverse Cartier isomorphism that goes to a quotient sheaf. The theory of the DRW complex on the other hand provides us with the refinement W Ω d /V of Ω d on which F does act. We expect that this important sheaf will have other applications to algebraic geometry in positive characteristic. It has also the following more concrete description ( [3] , cor. I.2.2)
where the inverse limit is under repeated applications of the Cartier operator. This expresses the sheaf as a 'pro-vector bundle.' The Frobenius operator can be described on the right as the inverse of the component-wise action of the Cartier operator. Although the Cartier map is not bijective on Ω d Y , it does become bijective in the limit. This makes it possible to prove a vanishing theorem in the limit more easily than at finite levels. In the context of the present paper, the fact in italics gives us a factorization
where the diagonal arrow is the map x→x⊗1 and the vertical arrow is F n (which is therefore F n -linear for the O Y -module structure). This yields a factorization in cohomology
where the vertical map is now a σ n -semi-linear bijection. Here, we use σ for the Frobenius of k (and that of W (k)). This yields the following useful Proposition 1 For any n ∈ N, we have a natural σ n -semi-linear injection
This kind of injectivity argument has been used by various authors (e.g. [2] , [8] chapter II) to get vanishing theorems for 'usual' coherent sheaves. On the other hand, such injectivity for the sheaves of interest often occurs only under special assumptions on the variety. Here, we are emphasizing that for the very special sheaf W Ω d /V , injectivity is a general fact. Our theorem is then an immediate consequence of: Lemma 1 Suppose X is Fano. Then for N sufficiently large and i < d
The proof of this lemma relies on the following result of Nygaard ([6], lemma 2.5):
Assume that M is separated, F dV = d, and the topology on L is weaker than the topology induced by the family of sub-modules
This fact was applied to various degeneration arguments for spectral sequences in op. cit. Now we apply it to the maps dV ⊗ 1 :
coming from the exact sequence (*) tensored with F N * (O X ). (Note that tensoring does not disturb the exactness since the terms are actually O X -modules and F : O X →O X is flat.) Here,
) are equipped with the topology coming from the kernel of the projection maps to the finite level cohomology groups:
Most of the conditions for Nygaard's result to apply are immediate consequences of the definitions: (This is just a repetition of [3] prop. II.2.1, but since that reference doesn't deal with the additional tensor factor, we will outline the arguments.)
(
We check this just for the first sequence since the argument is the same for the second. We have the exact sequence
from which we can take the inverse limit to get
On the one hand, since the transition maps are surjective, the inverse limit remains exact. On the other, it can be passed into the tensor product since F N * (O X ) is locally free of finite rank.
(2) Since both L n and M n are the cohomology groups of coherent sheaves, they are finite length W n -modules (actually finite-dimensional k-vector spaces). So R 1 lim ← − = 0 for both systems and we have L = lim ← − L n , M = lim ← − M n . Therefore, the topology on both L and M are separated and complete.
(3) Since the map dV ⊗ 1 is the inverse limit of maps at each finite level, it is continuous. 
are zero, the same is true of
and hence, of
So the V -topology is finer than the inverse limit topology on L.
Now we prove lemma 1. The sequence of kernels in Nygaard's lemma stabilizes, in fact remains the same, because F ⊗ 1 is an automorphism of
To examine the sequence of images, one takes the exact sequence (*) to get the exact sequence
and the last term is the same as
for sufficiently large N and i < d by Serre vanishing, since Ω d X is the inverse of an ample line bundle. So dV ⊗ 1 is in fact surjective, and the sequence of images also remains constant. Thus our map dV ⊗ 1 is zero. This finishes the proof since the group of interest is trapped between two zeros.
Then combined with Prop.1, we have Corollary 2 Let X be a Fano variety. Then
Remark: The argument of the lemma also applies for the maps
) and the latter is finite dimensional, being the inverse limit of vectors spaces of the same finite dimension. Thus, the sequences of images of F n dV again stablizes, while the sequence of kernels is constant. So dV = 0 and we get
( [3] cor. I.2.2) and this limit seems hard to understand in general.
We finish the proof of the theorem by using the exact sequence
is surjective for i < d. However, V is topologically nilpotent ([3] cor. II.2.5), so we get the vanishing. Now let us dispense of the easy corollary 1: By [3] cor. II.3. Now when q = p n and k is the finite field F q , the Lefschetz trace formula gives us |X(F q )| = Σ i (−1) i Tr(φ n |H i cr (X) ⊗ K) which obviously yields our congruence.
